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Abstract. We apply the theory of residues to characterize the substitutes for the 
sheaves of principal parts on Gorenstein, projective curves introduced by Laksov and 
Thorup [6], and we compare these substitutes with those introduced by the author 
[2, 3]. Our characterization extends a characterization by Atiyah of the sheaves of 
first order principal parts with coefficients in an invertib]e sheaf on smooth curves 
[1, Prop.  12]. 

1. Introduction 
The  sheaves of principal par ts  play an impor t an t  role in the  s tudy  of 

the  projective geometry  of smooth  curves in any characteristic.  One of 

the most  impor t an t  propert ies  of these sheaves is t ha t  they  are locally 

free over a smoo th  curve. However, they  fail to be locally free, or even 

torsion-free, over a singular curve. 

Recently, locally free subst i tu tes  for the sheaves of principal par ts  

over singular curves were independent ly  in t roduced by Laksov and Tho- 

rup [6] and the  au thor  [2, 3]. It is one of the  goals of this article to 

compare  them.  We will see tha t  the two subst i tu tes  seldom coincide 

for singular curves (Corollary 3.5.) The  difference does not come as a 

surprise: even though  the  sheaves in t roduced in [6] are quite natural ,  

their  in t roduct ion  makes use of the normal izat ion map  of the curve, via 

Rosenlicht 's  local characterizat ion of the  dualizing sheaf [9, p. 76]. Thus  

we might  have expected tha t  their  definition does not  extend to families, 

in contrast  wi th  the  sheaves defined in [2, 3]. 

Our main  technical  result is Theorem 3.2, where we give a charac- 
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230 EDUARDO ESTEVES 

terization via residues of Laksov's and Thorup 's  subst i tutes  when these 

are taken with coefficients in an invertible sheaf. Of course such charac- 

terization applies to a smooth curve, and thus it must extend Atiyah's 

characterization [I, Prop. 12] of the sheaf of first order principal parts 

with coefficients in an invertible sheaf to higher orders. Atiyah worked 

mainly with Chern classes, but the trace map provides a way to compare 

his characterization with ours (Remark 3.4.) 

The remaining of this article is divided into two sections as follows: 

in Section 2 we introduce the notion of a Wronski algebra system, and 

describe the systems constructed by Laksov and Thorup and by the 

author; in Section 3 we prove our main technical result, and use it to 

compare Laksov's and Thorup's substitutes for the sheaves of principal 

parts with the author's. 

I want to acknowledge Prof. Kaji for the question that originated 

this article, and Prof. Kleiman for useful comments on a preliminary 

version. In addition, I thank the referee for several important remarks 

on the first version of this article. Finally, I want to thank the peo- 

ple at Waseda University, especially Prof. Kaji and his students, and 

Prof. Homma for their warm hospitality during the period this work 

was carried out. 

2. Wronski algebra systems 
Let S be a Noetherian scheme. Let f :  X --+ S be a flat morphism of 

schemes whose geometric fibres are reduced, Gorenstein schemes of pure 

dimension 1. We say that  f ,  or X/S ,  is a family of curves. For each 

n >_ 0, let pn be the sheaf of relative n- th  order principal parts on X over 

S. Recall tha t  there are canonical surjective algebra homomorphisms 

p~: p n  __~ pn -1  for every n > 0. Let ~ denote the  kernel of p~ for 

every n > 0. Of course, f~l is the sheaf of relative K/~hler differentials 

on X over S. Recall tha t  there are two canonical (_gx-algebra structures 

on P~ for each n > 0. By  convention, we call them the left and right 
structures of P~, and denote the s t ructure  homomorphisms by 

61:Ox--+Pn and 6 r : O x - - + P n ,  
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respectively. We don' t  emphasize the dependence on n in the above 

notation, since the pn are natural  Ox-a lgebra  homomorphisms with 

respect to both  left and right structures.  Recall tha t  both  ON-module  

structures coincide on ftn for every n > 0. Pu t  5 := (~ - 5z. 

Let ca be an invertible sheaf on X.  Assume tha t  there is a homomor- 

phism @ : f~l __~ ca that  is bijective on the S-smooth  locus of X.  Then 

r/1 induces homomorphisms flU: ~t ~ --~ ca| for every n > 0 that  are also 

bijective on the S-smooth  locus of X (the argument  used in the proof  

of [3, Prop. 2.3] applies also here.) 

A collection of sheaves of algebras F := (F  n, n > 0) on X ,  together  

with algebra homomorphisms 

~ :  p n  ~ F n, 

qn : F n  __+ F n - 1  

and an Ox-b imodule  homomorphism 

oLn: W ~ --+ F n 

for every n _> 0, is said to be a W r o n s k i  a lgebra  s y s t e m  o n  X o v e r  S if 

the following conditions are satisfied: 

(1) ~0 is an isomorphism; 

(2) the diagram of maps 

pn  
0 ~ f tn  ~ p n  > p n - 1  ~ 0 

c~n qn 
0 > w ~  ~ F n > F n - 1  > 0 

is commutat ive  with exact rows for every n > 0. 

Note  tha t  r  induces left and right (gx-algebra s tructures on F n for 

each n _> 0. By  definition, a n is (gx-linear with respect  to bo th  left and 

right s tructures on F n. Moreover, note tha t  the c n  are isomorphisms 

on the S-smooth  locus of X,  since the ~n have this proper ty  and r 

is an isomorphism. Finally, note tha t  F n is locally free of rank n + 1 

under bo th  left and right Ox-a lgebra  structures for every n > 0, since 

F ~ = O x  and aJ is invertible. 
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Assume for this paragraph  tha t  the  geometric fibres of X / S  are local 

complete  intersections. Let w denote  the  canonical sheaf on X / S  (see 

[3, Section 2] or [7].) There  is a canonical h o m o m o r p h i s m  7 1 : ~ 1  __+ w 

tha t  is bijective on the S-smooth  locus of X [3, Section 2]. By [3, 

Theorem 2.6]~ there is a Wronski algebra system (F n, n > 0) on X over 

S. More precisely, there  is a unique Wronski  algebra system, denoted 

in this article by Q := (Qn, n _>_ 0), if we choose it wi th  the  addit ional  

p roper ty  tha t  its format ion commutes  wi th  base change on the  class of 

all families X / S  of local complete  intersection curves. 

Assume for the  rest of Section 2 tha t  S is the spec t rum of an alge- 

braically closed field k, and X is irreducible. Let 7r: X ~ X denote  the  

normalizat ion of X.  Let K denote  the  field of meromorphic  functions 

of X and .~. For any sheaf 5 ~ on X we denote  by YK its s talk at the  

generic point  of X.  If V is any K-vector  space, we also denote  by V the  

corresponding constant  sheaf on X.  For each q C if( denote  by resq the  

Tare residue map  at q (see [4, p. 247].) Let ~ denote  the  O x - s u b m o d u l e  

of regular differentials of ~1K (see [9, p. 76].) If p E X,  then  

= = o for all f E (2.0.1) 

Of course, there is a canonical homomorph i sm 71 : ~1 __+ w, and ~71 is 

bijective on the  smoo th  locus of X.  

In [6, Section 6], Laksov and T h o r u p  defined a Wronski  algebra sys- 

tern, denoted  in this article by R := (R n, n > 0), on X.  We describe 

locally the  sheaves R n below. Let p E X.  There  are an open neighbour- 

hood  U of p in X and a rat ional  funct ion t E K such tha t  t is regular 

on ~v-l(U) and the  differential dt is a basis for the  sheaf of K~ihler dif- 

ferentials of lv-l(U).  Choose U small enough tha t  w is free on U. T h e n  

wu is generated by the  meromorphic  differential dr~h, for some regular 

function h on U, and the restr ict ion of R n to  U is the  Oa-subalgebra  of 

P ~  generated as a free left Ov-submodu le  of P ~  by the basis 

(6t/h),.. . ,  (6t/h) 
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for every n > 0. 

233 

3 .  T h e  c h a r a c t e r i z a t i o n  

Let S be a Noetherian scheme. Let f :  X -~ S be a projective family 

of curves. Let w be a relative dualizing sheaf on X over S, and let 

T: Rlf.w --+ Os be a trace map. The sheaf w is invertible, since the 

fibres of X/S are Gorenstein. Assume that there is a homomorphism 

771: ~t I --+ w that is bijective on the S-smooth locus of X. Finally, 

assume that there is a Wronski algebra system F := (F n, n _> O) on X 

over S. 

Let L be an invertible sheaf on X.  For each n _> 0, let Fn(L)  denote 

the tensor product  of F ~ and L with respect to the right |  

of F n. For every n > 0 we have an exact sequence, 

an@idL qn@id L 
0 --~ w | @ L > Fn(L)  ~ F n - I ( L )  --~ O, 

tha t  we regard as a sequence of left |  The above exact 

sequence gives rise to a global section [Fn(L)] of 

E x t } ( F ~ - I ( L ) , w |  

Since F n - I ( L )  is locally free, then 

E x t } ( F n - l ( L ) , w  | @ L) 

From the inclusion 

CO | Q L 

we obtain  a homomorphism 

R l  f . H o m ( F ' n - I ( L ) ,  w ~ @ L) 

= R l f ,  H o m ( F n - I ( L ) ,  w| @ L). 

a n -  1 | L 
. ,  > Fn- I (L ) ,  

> R l f . H o m ( w  | @ L, w @~ @ L). 

(3.o.1) 
We also have the canonical identification: 

R l  f . H o m ( w  | @ L, w ~ @ L) = R l  f ,  w. 

By composing (3.0.1) with the trace map T, we finally obtain a regular 

function cry(L) on S corresponding to [F~(L)]. 
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The function cry(L) depends on the choice of w and the trace map T, 

but its class in H~ Os)/HO(S, Os)* is independent. Moreover, this 

class depends only on the equivalence class of F. Note that in most 

cases the function G~(L) determines the extension [Fn(L)], as the next 

proposition shows. 

Propos i t ion  3.1. / f  R l f , ( 0 9  m) = 0 for all 2 <_ m <_ n, then G~(L) 

determines [Fn(L)]. In particular, if the arithmetic genus of every geo- 

metric fibre of X over S is at least 2, then the functions (G~(L), n >_ O) 

determine the Wronski system (Fn(L),  n > 0). 

Proof .  Since the  trace map  T is an isomorphism, then  G~(L) deter- 

mines [Fn(L)] if and only if (3.0.1) is an isomorphism. We will show by 

induct ion on j t ha t  the inclusion O~ j ~ idL induces an i somorphism 

R l f ,  H o m ( F  j (L), ~| | L) ZA R l f . H o m ( w  | | L, ~| | L) 

for 0 < j < n -  1. Since the  h o m o m o r p h i s m  (3.0.1) is /3 n-l ,  then  

the proposi t ion will follow. Since a ~ is an isomorphism, then  so is 

/3 ~ Assume that  tim-2 is an i somorphism for a certain integer m with  

2 < m < n. Note tha t  /3 "~-1 is surjective because X / S  is a family of 

curves. On the other hand, the kernel of tim-1 is a quotient of 

RI f, Hom(F'~-2(L), a~ ~ | L), 

and the latter sheaf is zero by the hypothesis of the proposition and 

the induction hypothesis. So flrn-I is an isomorphism, finishing the 

induction argument and the proof. [] 

T h e o r e m  3.2. Let X be a projective, integral curve of geometric genus g 

defined over an algebraically closed field k. Let w be the dualizing sheaf 

on X ,  and let T: H I ( x , ~ )  ~ k be the canonical trace map, given in 

terms of residues. Let L be an invertible sheaf on X of degree d. Let 

R := (R n, n >_ O) be the Wronski algebra system constructed by Laksov 

and Thorup. Then 

= ( ( n  - 1 ) ( 1  - g )  - d ) l k  

for every n > O, where lk denotes the unit of k. 
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Proof .  (For details on the theory  of residues on singular varieties, and 

in par t icular  for the const ruct ion of the  trace map  from residues, see 

[8].) Tensoring the  canonical  flasque resolution of O x  by meromorphic  

functions, 
K 

0 ---+ OX --+ K ---+ 0 NP* OX,p 0, (3.2.1) 
p~X 

with w ~ |  we obtain a flasque resolution of ~| |  (The morph i sm 

jp is the inclusion of p in X.)  By means of this fiasque resolution, we 

have: 

~]~Hom(Rn-l(L)p,  ~ ) 

E x t l ( R n - I ( L ) , w  | | L) = H o m ( R n _ I ( L ) K  ' (~tl)| n | LK) ' 

where the  above direct sum runs over all p E X.  To obtain an element 

in 
(~tlK) | | LK) 

0 H ~  ' Wp ~n | Lp 
p E X  

represent ing [Rn(L)] in E x t l ( R ~ - I ( L ) , ~ | 1 7 4  L) we proceed as follows. 

Let t be a separat ing variable for K over k. Let dt denote  the associated 

differential in ~t 1 .  Then  dt is a generator  of ft 1 o v e r / ( .  Let CK be a 

/ ( -genera tor  of LK. Then  

CK, 5t | CK, (6t) 2 | CK, . . . , (~t) n | •K (3.2.2) 

form a left K-basis  of R~(L)K, where | denotes  the  tensor p roduc t  wi th  

respect to the  right |  s t ruc ture  of _R n. A spli t t ing p of the 

inclusion of l e f t / ( -vec to r  spaces 

(f~l)~n | LK ~ Rn(L)K 

is then  defined by mapp ing  the  basis elements 

CK, 6t | CK,-.., | CK 

to 0 and (St) n | CK to (dr) | | CK. Consider  now the following com- 

position, 

Rn(L) ---+ Rn(L)K P > ( u l )  | | LK --+ ~pcX3p* w~n| , 
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where the first and last maps are canonical. It is clear that the above 

composition factors through Rn-I(L), yielding the representative of 

[Rn(L)] we were looking for. By composing with the inclusion 

~| | L -+ R~-I(L) 

we get a homomorphism 

rr~ �9 (Dl/<)| @ L~ 
w | @ L --+ (:t:) 3p, ,,~<-r~- ' (3.2.3) 

p E X  ~ p  ,cy ~ p  

that  we describe locally below. 

Let p E X, and Sp be a local parameter at all points of 7r-l(p). Then 

Wp is generated by dsp/hp for some hp C OX,p. Let r be a generator of 

Lp. Then Rn(L)p is generated as a left OX,p-module by 

5@ (6@) n 
CP' U | " " o 

Let fp E K be such that  Cp = fpCK in LK. We need only describe the 

image of 
ds~n- 1 

c | Cp 

in 
(f~l)| | L K 

09~ n | Lp 

to describe the localization of (3.2.3) at p. But o |  dop ~,Up | Cp is 

mapped to the quotient class whose representative is dt | | ~K times 

the coefficient of (St) n | r  in the expression of (Ssp)n-1/h~ -1 | r in 

Rn(L)K with respect to the basis (3.2.2). This class is easily found to 

be 

1 ~-l  1 ( n -  1)Dlt(sp)~-2D2t(Sp)fp dt| (Dr (Sp) Dt (fP) + ) | CK, 
hr~ -1 

where D j denotes the Hasse derivation of order j on K with respect to 

a separating variable z. Tensoring (3.2.3) with w | | L -1, we get a 

canonical element of 

| 
p E X  02p 
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whose component at p has 

Dlt(fp) 

as a representative. 

Let 

D2t (sP) )dsp 
+ (n - 1) D1 ~ (SP) 2 

resp: ~1K --~ k 

denote the residue map at  p. The map resp may be defined as the sum 

of the Tate residue maps resq at all q E 7r-l(p). It follows from (2.0.1) 

tha t  resp factors through ~l /wp .  It follows from tensoring the flasque 

resolution (3.2.1) by w tha t  

H i ( X ,  - @ w p 

where the above direct sum runs over all p E X. It follows from the 

residue theorem tha t  the sum of the residue maps at all p E X induces 

a map H I ( X , w )  --, k. The latter is the trace map T in the s ta tement  

of the theorem. Thus 

a~(L) = ~ resp((D~sp(fp) D2t(SP) )dsp). 
+ - 1) D (sp)  

Note tha t  the residues of both  

DI(fP) ds and D2(s) 
fp Dlt (s) 2ds 

at q E 7r-l(p) do not depend on the choice of a local parameter  s at q. 

Because 

resp : E resq~ 

we may assume tha t  X is smooth, or in other words, tha t  X = _~. The 

proof of the theorem is thus reduced to showing the following lemma.[Z 

L e m m a  3.3. Let X be a projective, smooth, connected curve of genus g 

over an algebraically closed field k. Let L be an invertible sheaf of degree 

d on X .  Let t (resp. ~)  be a separating variable for the function field K 
of X over k (resp. a generator of LK.)  For every q ~ X ,  let Sq (resp. 

Bol. Soc. Bras. Mat., Vol. 26, N. 2, 1995 



238 EDUARDO ESTEVES 

fqlb) be a local parameter of X at q (resp. a local generator of L at q, 
where fq E K. )  Then 

Dlsq(fq ) - 
(1) E r e s q ( ~ - q a S q j  = --dlk; 

q c X  

(2) E reSq( D?(sq)-dsq) = (1 -- g)l k. 
qcX D~(sq )z 

Proof.  For every q E X, let Vq denote the valuation at q. Then  

resq(D~sq(fq) dsq) = Vq(fq)lk. (3.3.1) 
L 

The first s ta tement  of the lemma is an immediate  consequence of (3.3.1). 

As for the second statement ,  recall tha t  dt is a generator for f~l  and 

1 for every q E X. Of course, dsq = Dl(sq)dt for dsq is a generator for ftq 

every q E X. Note also tha t  

D 1 ,D 1 2D2t(Sq) 
sqk t(Sq)) = OI(sq) �9 

Hence, if c h a l k  • 2, then (3.3.1) with fq replaced by Dlt(Sq) proves the 

second s ta tement  of the claim as well. 

Assume now that  char.k = 2. Let q C X. First note that ,  by the 

chain rule for Hasse derivations, 

1 and D2(sq) D2q(z) 
D l ( s q ) -  Dlq(z) D}(sq) 2 - Dlsq(Z) �9 

for any separating variable z. Write t = tl  + t2, where t l  (resp. t2) can 

be expressed as a Laurent  series on Sq with odd (resp. even) powers. 

Note that t 1 is also a separating variable. We have tha t  

D2sq(t) _ D2q(tl) Ds2q(t2) 

Dlq(t) Dslq(tl) + Dlq(t l)  �9 

It is easy to show that  

 q(D q(tl)) resq(D~ (tl) dsq) - lk = lk = -- 
Dlsq (tl) 2 2 

vq(Dlt (Sq)) lk" 
2 
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On the other hand, 

D2q (t2) d " 
r e S q ( ~  Sq) = O, 

JJsq ~ 1) 

since bo th  Dlq(t l )  and D~q(t2) can be expressed as Laurent  series on Sq 

involving only even powers. Hence, 

D~q(t) vq(Dlt (Sq)) lk resq ( D2t (sq)2 dsq) = - r e s q  ( vwzv,,, dsq) - 
D~(sq) 2 Dlsq(r) 2 

for every q ~ X.  The  second s ta tement  of the l emma is an immedia te  

consequence of the  above equality.J3 

Remark  3.4. Atiyah [1, Prop.  12] had shown tha t  el(L) = - [P I (L ) ]  

when X is a smooth  curve, where el(L) is the Chern  class of L, and 

[p1 (L)] E H 1 (X, 91) represents the  extension 

pn |  
0 ~ ~21 |  ~ P I (L )  ~ L ~ O. 

It folows from the first s t a t emen t  of L e m m a  3.3 tha t  T(cl  (L)) = dlk.  

So we see tha t  Atiyah 's  characterizat ion is equivalent to ours (Theorem 

3.2) under  the trace map.  Atiyah 's  characterizat ion was used by Kaji to 

show tha t  a tangent ial ly  degenerate  smoo th  curve in" a projective space 

must  be contained in some 2-plane if the characterist ic of the ground 

field is 0 [5, Thin.  3.1, p. 436]. 

Corol lary 3.5. Let X be a projective, integral, local complete intersection 

curve over an algebraically closed field k. For every p E X ,  let 8p denote 

the singularity degree of p. Let Q := (Qn, n >_ O) and JR := (R n, n > O) be 

the two Wronski algebra systems on X described in Section 2. I f  Splk ~ 0 

for  some p ~ X ,  then the sheaves Q~ and R n are not isomorphic as pn_ 

algebras for  every n > 2. 

Proof .  Of course it is enough to show tha t  Qn and R n are not isomorphic 

as Pn-algebras  locally a round a singular point  of X.  Taking a part ial  

normal izat ion of X if necessary, we may  assume tha t  (Pa - 9)lk ~ O, 

where p~ (resp. g) is the  ar i thmet ic  genus (resp. geometr ic  genus) of X.  

We now observe tha t ,  given a Wronski  algebra sys tem F := (F m, m > O) 

on X,  wi th  associated homomorph i sms  era:  p m  ~ F m for m _> O, then  
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the  sheaf F m and the homomorphism r  are determined by  F m+l and 

r  for every m > 0. In fact, we have that  F "~ is the torsion-free 

quotient of Fm+l /r  while ~'~ is the composit ion of the 

homomorphism p m  ~ Fm+l/r induced by r  with the 

quotient map onto Fm. It follows from this observation that  if the 

sheaves Qn and R n are isomorphic as Pn-algebras,  then so are Q'~ and 

R m as Pro-algebras for every m < n. So we are reduced to showing the 

corollary for n = 2. Moreover, it follows from the same observation that  

if Q2 and R 2 are isomorphic as P2-algebras', then the exact sequences 

0 ~ C0| > Q2 > Q1 > 0 

0 ~ W | > R 2 ~ R 1 > 0 

are isomorphic, where w is the dualizing sheaf on X.  Thus we need only 

show that  there is an invertible sheaf L on X such that  the induced 

exact sequence 

0 

is split, while 

0 

is not. 

> aJ | ~ Q2(L) > QI(L)  0 (3.5.1) 

> w | ~ R2(L) > RI(L)  0 (3.5.2) 

Since X is a projective, local complete intersection curve, then there 

is a projective family X / S  of local complete intersection curves where: 

(1) S is a connected smooth  curve over k; 

(2) X = X(s)  for a certain s E S; 

(3) X is smooth  over S \ s. 

Since S is connected, then the geometric genus of X(t) is Pa for 

every t E S \ s. Let wx/ s  be the canonical sheaf on X over S. Let  

Q := ( Q m  m >_ 0) be  the unique Wronski algebra system on 2( over S 

[3, Prop.  4.3]. As mentioned in Section 2, we have that  Q(s) = Q. Since 

2( is smooth  over S \ s, then Qn(t) is the sheaf of n- th  order principal 

parts on X(t )  for every t E S \ s and every n >_ 0. 

Replacing S by a connected, ~tale neighbourhood of s if necessary, 

we may assume tha t  there is an invertible sheaf s on 2( of relative degree 
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(1 - P a )  over S. Let L := s It follows from Theorem 3.2 that  the 

exact sequence 

| 0 ' a x / s  | s - , Q2(t)(g(t)) > ~ l ( t ) ( ~ ( t ) )  > 0 

iS split if t E S \ s. By semicontinuity, since (3.5.1) is the limit of the 

above exact sequence when t tends to s, then  (3.5.1) is also split. On 

the other  hand, since 

~2R(L) = (Pa --  g ) l k  ~ 0, 

then it follows from Theorem 3.2 that the exact sequence (3.5.2) is not 

split. The proof of the corollary is complete.D 

Note that Q1 ~ R1 always. In fact, it follows from the definition of 

a Wronski algebra system F := (F n, n > 0) that F 1 is the middle sheaf 

in the push-out of the infinitesimal Ox-algebra extension 

pl 
0 > ~tl ) pl ) (Qx ) 0 

under the canonical homomorphism ~/i : ytl __+ w. 

We now give an example where we describe both Q2 and R 2. 

Example 3.6. Let X c p2 be the zero scheme of y4 _ x3z. The curve 

X can be covered by the aifine open subsets: 

U : = ( z ~ 0 )  and V : = ( x r  

To decribe Q2 and R 2 we need only describe them as subalgebras of P~  

locally on U and V, where K is the field of meromorphic functions of 

X. Since V is contained in the smooth locus of X, then both Q2 and 

R 2 coincide on V with the  sheaf of second order principal parts  p2. We 

will now describe Q2 and R 2 on U. 

We first compute  the  restriction R2u of R 2 to U. On U we have the 

identification U ~ Spec k[t 3,t4], where y / z  = t 3 and x / z  = t 4. It is 

clear tha t  t is regular on the normalization ~- := Spec k[t] of U, and 

the differential dt is a basis for the sheaf of Kghler differentials on U. 

Moreover, wu = Ov(d t ) / t  6 as an Ou-submodule  of ft 1.  It follows from 

our description of the sheaf R 2 in Section 2 tha t  R2u is the Ou-subalgebra 
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of P2 K generated as a free left Ou-submodu le  by the  basis 

5t (St) 2 
1, t6 , t l  2 . (3.6.1) 

We now compute  the restr ict ion Q2 v of Q2 to g .  Assume from now 

on tha t  char.k ~r 2. Let S := Speck[A]. Let X C P2 s be the zero 

scheme of y4 + Xxz 3 _ xaz. T h e n  X / S  is a family of local complete  

intersection curves, smoo th  over S \ 0, and  X(0) = X.  By [3, Prop.  

4.3] there is a unique Wronski  algebra sys tem Q := (Qn,n  > 0) on A2 

over S. Its fibre over 0 is Q. The  scheme X can be covered by the  

affine open subschemes /4 := (z ~ 0) and V := (x ~ 0). Note tha t  

U(0) = U. It is clear tha t  the  canonical sheaf Wx/s is invertible on 

///. It follows from the general const ruct ion in [3, Sections 3 and 4] 

tha t  there is an i somorphism Q2 u ~= Ou[T]/T 3 as Pu2-algebras, with  the  

s t ructure  homomorph i sm r p2 __+ Ou[T]/T 3 being a h o m o m o r p h i s m  

of left Ou-algebras  "determined" by the  fact that :  

(y /z  + 5(y/z)) 4 + a ( x / z  + 5(x/z))  - ( x / z  + 5(z/z))  3 = 0. (3.6.2) 

(In fact, g)u 2 is de te rmined  up to unique au tomorph i sm of Ou[T]/T3.) It 

"follows" from applying •u 2 to (3.6.2) tha t  

r =4(y/z)3T + 6(y/z)2(3(x/z)  2 - ~)T 2, 
(3.6.3) 

r  =(3(x/z)  2 -- A)T + 12(x /z ) (y /z )3T 2. 

Considering the  fibre over 0, where we have the  identification (y/z)  = t 3 

and (x/z)  = t 4, the first equat ion in (3.6.3) becomes 

r = 4t9T + 18t14T 2. 

Since we als0 have tha t  ~(t 4) = 4t35t + 6t2(St) 2 in p 2 ,  then  T = 5t/ t  6 - 

3(6t )2 / t  7 in P2 K. So Q2 g is the  Ou-subalgebra  of f ~  generated as a free 

Ou-submodu le  by the  basis 

5t - 3-(5t-~ 2 (6t)2 (3.6.4) 
1, ~ , t l  2 . 

(If char.k = 2, then  we have to work wi th  a different deformat ion of X 

t o  a family whose general member  is smooth.  We will not  write down 
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the  c o m p u t a t i o n  of Q ~  in this case, b u t  we ment ion  t ha t  the  same 

descr ip t ion  (3.6.4) works  for Q ~  when  char .k = 2 as well.) 

Since t 5 is not  a regular  funct ion  on U, we see f rom (3.6.1) and  (3.6.4) 

tha t  Q2 and  R 2 are i somorphic  as p2 -a lgeb ra s  if and only  if char .k = 3. 

So the  converse to the  s t a t e m e n t  in Coro l la ry  3.5 is t rue  for X .  As a 

m a t t e r  of fact,  I do not  know of any  curve X where  this converse is not  

t rue.  
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